3° We calculate the first remainder by subtraciing the 2x
product obtained in the 2nd step (6x* — 4x) from the 3x — 2 [6x2 + 5% — 4

dividend. We then get (5 — 4). 62 — ‘;x :

We repeat the process... 2% +4- 3 == quotient
We stop the division when the degree of the remainder is 3x — 216x* + 5x — 4

less than the degree of the divisor. 6x? — 4x

We therefore get the quotient Q(x) = Zx + 3 and the 9% — 4

9% —6

remainder ——

> The dividend A(x), the divisor B(x), the quotient Q(x) and the remainder R(x) verify the
following Euclidean relation:

remainder R(x) = 2.

A(x) =B(x) - Q(x) + R(x) | where degR(x) < degB(x).

In fact, 6x2 + 5x — 4 = (3x — 2)(2x +3) + 2

2% . Determine the quotient Q(x) and the remainder R(x) in the division of A(x) = 2x* + 5x — 3
by B(x) =x — 1.

22, In each of the following cases, determine the quotient Q(x) and the remainder R(x) in the
division of A(x) by B(x).

a) Alx) =2x2 —x— 6 B(x) =2x + 3
b) Alx) =3x2 — 2x + 1; B(x) = x — 2
¢) A(x) =2 +3x>+2x+4; B(x)=x+1
d) Ax) =23 — 2x + 1; B(x) =x—1

@&, The area of a parallelogram is A(x) = 10x% + 19x — 15.
The height is represented by the binomial 5x — 3. Use a polynomial to express the
parallelogram’s base.

2. The area of a rectangle is given by the polynomial A(x) = 6x% — 13x — 5.

The width is represented by the binomial 3x + 1. Use a polynomial to express the perimeter
of this rectangle.

« The following right prism has the volume V(x) = 2x3 + 4x? — 10x — 12.
The dimensions of the prism’s base are (2x + 6) and (x — 2).

- : x—2

@} Determine the height of the prism.

b} Use a polynomial to express the total area of the prism.

226, The area of a triangle is A(x) = x2 + x — 6. The base is represented by the binomial 2x + 6.

Use a polynomial to express the height of this triangle.
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o ¥ Factoring a polynomial

A@?DWHW 1 Removing thecommonfactor

a) The sum ab + ac has two terms ab and ac. Each term is a product of factors.
1. What is the common factor to both terms?

2. Write the sum ab + ac as a product of two factors.

b) The rectangle on the right has the area A = 6x? + 15x. If one of the 3x
dimensions is 3x, find the other dimension. I
A =6x% 4 15x ?
¢) The rectangle on the right has the area A = 10x? — 6x. What could the

dimensions of this rectangle be?

d) Given the polynomial P(x) = 6x> — 15x%. In each of the following A=1lr=fx |1
statements, a common factor to both terms of the polynomial P(x) has
been removed. Complete the writing of P(x) as a product of two factors.
1. 6x3 — 1542 =3 2. 6x3—15x2=x
3. 6x% — 15x% = x? ' 4. 6x° — 15x% =3«
5. 6x3 — 15x% = 3x?

?

'RENMOVING THE COMMON FACTOR
* Factoring a polynomial means writing the polynomial as a product of factors.
‘* Removing a common factor is a method which can be used to factor a polynomial composed
- of monomials which all have a common factor. To factor, you need to apply the distributive

- property of multipli'caﬁ_bn.q_iigr addition.

factor

N .
ab + ac=a(b+ ¢)
~—

expand

Notice that the greatest common '\
factor (3x?) to all three terms
is factored out.

| Bx.: Factor: P(x) = 6 + 152 — 1832 |

1. Find the greatest common factor of the following algebraic expressions.

a) 18x4; 24x3; 12%° b) 18x3y2z*; 24x*y3z*; 36x%y 23
Q) 15%(a+b)3183a+b?  d) 243y (a - b)3; 36x%y*(a — b)?
2. Factor the following polynomials.
a) 5x — 10 b) 18x + 24y — 12z
€) 4x* + 6x d) 12% 4+ x2 — 52°
@ e) 12a%b + 18422 f) -3 + 623 — 9x2
o g) a’?+ab+a h) «* — 3y — &2

B
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3. Factor the following polynomials.

a) 12x3 — 16x2 b) 6x%° + 4x3y? L _
) 12x%° — 18232 + 24x%y? d) -14x3 4 21x2% — 7x ¢
e) 2Zx(x+ 1)+ 3y(x+1) f) 2(x—3) —x(x—-3)

8. Factor the following polynomials.
a) x(x+2) + 50+ 2) b) 3(x—2) —x(x—2)
c) alb+c)—db+c) d x3—-y)+yB—y)
Q) (x+3)(x+2) + (v +3)x—1) f G+ y)(x—2) - (o+7)(2x - 3)

e R D T

&@?HWHW 2 Factoring by grouping

e B S R T s R

g) (x+y)?*+x(x+y) h): Ge=gPdbo—giloty) oo o

A R
S T

oo 5 RE T E ity
T R G D S A

a) The sum ac + ad + bc + bd is composed of 4 terms. Each term is the prqgiuct of two factors.

Can we find a common factor to all 4 of these terms?

b) Justify the steps which enable you to factor the sum ac + ad + bc + bd.

c) The rectangle on the right has an area of A = 6x2 + 4x + 9xy + 6y.

ac + ad + be + bd = (ac + ad) + (bc + bd)
=a(c+d) +blc+d)
= (c+d)(a+b)

A =6x*+ 4x + 9xy + by ?

What could the dimensions of this rectangle be?

?

Factormg by grouping is a method wh1ch enables you to factor polynomxals by groupmg the
terms wh1ch contain a common factor. : i :

You then remove the common factor in each of the groupmgs
" ac+ad+bc+bd=(ac+ ad) + (bc+ bd)
o “w":—a@+@+b@+® |
=(ct+d)a+b)

Ex Factor the followmg expressmn usmg faetorlng by ¢ groupmg

P(x) 9x - 12xy + Sxy 8y € Group the terms contammg a common factor

= 3x(3x — 49%) + 2y(3x — 4y)<— Remove the common factor in each groupmg .
(3x - 4y )(3x - 2y) ¢ Remove the common factor a 2nd time. :

24
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B. Factor the following polynomials.

@{ a) x? 4 Sxy + 3x + 15y b) 2x% + 3xy — 10x — 15y
¢) 6a? — 15a + 2ab — 5b d) 6x% — 8x — Oxy + 122
e) 10xy + 2x+ 15y + 3 f) -2 +x—1

6. Factor the following polynomials.
“a) 2x%y + 3x% + 10y + 15

b) 15x%?2 + 35x%2 — 9x2 — 21

) 23 + 4y — 2% — dxy

d) 3x3y — 9x3 + zey — 1842

The foliowmg remarkable 1dent1ty enables you to factor a difference of squares.

expand
(a+b)a—1Db) = a®—b? ¥
A Difference of
! squares
a) Factor the following difference of squares.
, 1. % - 25 2. 4x? — 9y? 3. x* -7 _
@ 4, (Bx+1)% -
b) The rectangle on the right has an area of A = 16x? — 9. What polynomial could
represent its perimeter? A=16*-9 |?

. .A dlfference Qf squares 13 an algebrau: expresswn of the f c rm_ @t~ b2.

. Every dlfference of squares is factorable You 51mp1y need to'_a" pIy the remarkable 1dent1ty

EX FactOr el G ._ ]
e 9;\:2 4y e (3x)2 (2y)2 <—W1‘11:e mthe form az bz iR e
o (3x + 23’)(396 B Zy) ¢ Apply. the remarkable 1dent1ty
' (2x+ ) = (2x + 1)2 Lt o

[(2x+ 1) +6][(2x+ 1).—_.6]"
. gy e
i (’35¢+ 5) (2x+ 1)2-[(3x+ 5) 4 (2x+ 1)][(3x+5) (.25;:_“.+__1_)]' o
- : (5x+6j(x+4) i

' ..‘ Asum of' squares is not factorable ; ;

II I[
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7 » Factor the following differences of squares. ;

a) x*—-25 ___ : b) 16x%—9 _
Q) 49x2 36y d) 36x* —25° -
pariogass v o
: _ : .
8. Factor the following differences of squares.
a) (3x—1)*-9 b) (x+1)2—
Q) (2x+ 5)% ~ 1627 d) 25x2 — (2x — 5)?
e) 16x2 — (3x + 2)? : f) 36x% — (2 —x)?
g) (x+3)2—(2x+ 5)? h) (3x — 5y)? — (2x — 3y)?

a) The rectangle on the right has an area of A = x? + 10x + 16.

Find a method for factoring this trinomial. What could be the possible | A=xt+10x+16 |?
dimensions of this rectangle?

'b) Find a method for factoring the trinomial 2x? + 9x + 20 and factor it. : @

C The product and sum” method enables you it factor a second degree trmormal
Let us ﬂlus’crate this method by factormg P( ) 2x2 -{— 7x + 6;" A

| 1. Identlfy the coefﬁaents a,b andc: l.a=2;b= 7‘; = 6
- |2. Find two integers m and n such that "4 [mn o §i
mn = ac « product of the end coefficients mtn=7
m+n=>b « middle coefficient m=4,n=3

1k We write: ax? +bx + c=ax? + mx+nx+c|3. 222 + 7x + 6 = 2x% + 4x + 3x + 6
and we factor by grouping. =2x(x 4+ 2) + 3(x + 2)
' = (x + 2)(2x + 3)
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€. Tactor the following trinomials using the “product and sum” method.

A a) 2x%>+9x+4 _ b) 6x? — 19x + 10
L Q) 4x? — 5% — 21 d) 5x2 —32x— 21
: e) 12x*+ 13x+3 f) 16x? — 26x + 3
g) 6x?+11x— 10 h) 8x?+2x —15
40. Factor the following trinomials.
a) x* — 10x + 21 b) x* — 5x — 14
) ¥ —T7x+12 d) x* — 9x+ 20
e) 2x*+7x+3 f) 3x2+5x—2
g) 6x*+x—2 h) 10x?> —19x+6
1 1. Factor the following trinomials.
a) x*+8x+15 __ b) x* —8x+ 15
) o+ 5x— 14 d) x*+9x+ 14
e) 6x?+19x+15 ¥ 29 — 7%—15
q) 3x*—x—4 h) 5x2 —17x + 6

B R P R IR

&@’U‘DWUW 5 Multi-step factoring

®

a) 2x° — 18x =2x(x* - 9)

o I o o e A S e R R S U P S IR
Explain the steps in factoring the following polynomials.

wﬁ; s ‘T""t"'{'_'.\

= 2x(x + 3)(x — 3)

b) 453 — 4x* — 8x = 4x(x* —x — 2)

i
[
i.
3
L

= 4x(x + 1)(x — 2)

Q) x* —16=(x* + 4)(x* — 4)

=2+ 4)(x+2)(x - 2)

__Many steps are some‘umes necessary to completely factor a polynormal L
! 3':2?-5:3:“ 1896 = Zx(x — 9) ¢ Remove the common factor o - '
i 3)(x 3) < D1fference of squares g

(2% +3)[4x + (2x — 3)]
— (2x + 3)(6x — 3) _
Gx i D3 1)

ll H Il

4x(2x + 3) -1- 4x =9= 4x(2x il 3) i (Zx . 3)(2x - _' )

. -_--3(2x+3)(2x—1_)_ o

% D1fference of squares
¢ Remove the common fa
¢ Reduce s

¢« Remove the common fact
¢ Commutative property'of-
- multiplication

© Guérin, éditeur ltée
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A 2. Factor the following polynomials completely .

a) x* 4 3x% 4+ 2x = b) ° — 2x% +x= f
g - 16x= d) - 1= |
e) 6xt + 93 + 32 = f) 3% - 12x=

% 3. The prism on the right has a volume of V = 2x3 + 6x? + 4x.
What could the dimensions of this prism be?

A4. The area of a rectangle is expressed by the polynomial A(x) = 6x? + 17x + 12. What could be
the perimeter of this rectangle?

T 5. The area of a square is expressed by the polynomial 9x? + 12x + 4. What is the perimeter of
this square?

A @. The volume of a right rectangular prism is expressed by V(x) = x* + 2x* — x — 2. What could
the dimensions of the prism be?

U7 . The total area of a cube is expressed by A(x) = 24x? + 24x + 6. What is the volume of this @
cube?

8. The volume of a right rectangular prism is expressed by V(x) = x® + 4x? + x — 6. If (x + 3)
represents the height of the prism, find two binomials that could express the dimensions of
the prism's base.
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9. For each of the following rational expressions, indicate the restrictions and simplify if possible.

) o .y
o) Siver =
g) 2%;:—;,’;%63- g 2ol

T+ 10 _

A@WDWDW 2 rflultlplving and dwidmg ratlonal expressmns

Explam the steps in the followmg operatxons
In each case, the variable does not take values which make the denominators zero. i

a) 2x+6 x2-3x+2_ 2x+3) (x=1)(x-2) . |
x—2  x+3 (x—-2) (x+3) ] I
_ 2(x+3)(x~1)(x—2) =

(x~2)(x+3)

=2(x—1) .

' Sx—-5 ., x—1 _ 5x—5 x-3
) W el v o
5(x-1) (x—3) |
x(x—3) (x-1) !
5(x —1)(x—3)

x(x—3)(x—1) | 6

a

Apply the rules: 7 X -5— = % and % +

e
_bc'

In each of the following 0perat10ns the variable does not take values which make the
denominators zero.

i ¥ —x  x +Sx+5 __x(x~1).(x+2)(x+3)
St ] (x+3) (x+Dx-1)
j x(x - D(x+2)(x+3)
(x+3)(x+ 1)(x—1)
x(x + 2)
x+1
2225 x5 ‘x2=25 x-=3
Ex.: xz-—SxTx—3:x2—3_x.x—5 :
_ (E+5)(x=5)  (x=3)
o= 3) 0 x=5)

 (x+5)(x—5)x=3) :
T ox(x—3)(x—5) _ = E
ST e i f N
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@. Perform the following multiplications, given that the variable does not take values which make
the denominators zero.

2%x—4  x2+6x+9
) X
x+3 x?—4 e

xZ -1 x—3
*
b) x+3 x2—4x43
2x+3 _ x242x—3
X
) x—1 2%2—x-—6

x2—-1, x-—1

d) x+2  3x46
x2—x—2 . x+1

e) x2—x—6 " x+2

) 3x2+8x-—3_._2x+]
x24+x—-6 " x-2

SACTIVITY 3 Addition and subtraction of rational expressions

a) 1. Justify the steps in the following operations.
b d bd ' bd

_ ad+be

T bd -

2. Perform the following addition, given that x # -3 and x # 1.

2
x+3

ayc_ad be

3
+x—1

b) 1. Justify the steps in the following operations.

ayo—a,be
_a+bc

b
2. Perform the following operation, given that x = 2,

(x—SI-Z) -2 =
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____.ADDITIONT AND susmncnon OF RATlONAl E)(PRESSIONS

° The denommators have no common factor.
' Alx) | C(x) _ Alx) D{x) + B(x) C(x)

B(x) — D(x) B(x) D(x)
2 3 2(x+3)+3(x-1) 2 3 :2x(x-—1)—3x(x+1)
2 S e e (x—1)(x+3) RS (x+1)(x 1)
_ 2x+6+3x-3 2x2 — 2% —3x2 —3x
Th f = o 3 ' = _
Toepointets N ™ (Ll : G+ 1)
comman denominator. Sx+3 —x?—5x

= Te=1%13) ol PERY

o The denominators have a common factor.

4 2 4 2 .

Ex. 73 i3] Gr3)E=3) " 3 Factor the denominators.
4(x+3) 2(x—3) Find the common denominator using the

= 2 = 3 least number of factors.
(x + 3P0 — 3) isthe (x+3)(x=3) (x+3)(x-3)
i _ Ax+3)-2x- 3) Reduce to a common denominator.
(x+3)(x—3) o

2618 Simplify.

(x+3) (x—3)

In each of the following operations, the variable does not take values which make the
denominators zero. -

3. Perform the following operations.

2 5 3
=4 = P B
a) £+ ol
. . 2x+3y | 2x—3y
) y d) 9x F 6y
fL. Perform the following operations.
2 3 2
a) x+1+x——2 b) x+2 x—2
3x 2x x—2_ x-=3.
C) x—1+x+1 d) x+3 x+2
5. Perform the following operations and simplify your answer.
1
CH Bk b) - + o
1 1 2a 4a
c) ey d) 3a—15+2a—10
6. Perform the following additions and subtractions
2+1 3x—1 5 3
a) 2 g b) x—2 + x+3
x+ 1 x42 x+3 x—3
C) x—1 d) x—3 x+3
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